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CARMICHAEL'S ARCTAN TREND: PRECURSOR OF SMOOTH TRANSITION FUNCTIONS
I. INTRODUCTION
The purpose of this paper is to draw attention to, and re-examine, an important and rarely acknowledged paper by Fitzhugh. L. Carmichael (1928) , who introduced the arc tangent trend as an alternative to the linear least squares trend, which was very much the standard of his day as in, for example, Warren Persons (1916) . In addition,
Carmichael extended the arctan trend to include smooth transition adjustment to structural breaks, which might otherwise be modelled by discrete changes. Smooth transition is a feature we recognise today in a different form, largely in sigmoid-type adjustment functions, such as the logistic function, see especially the seminal work of Timo Teräsvirta (1994) , and in testing for unit roots, see Stephen Leybourne et. al., (1998) and David Harvey and Terence Mills (2002) .
In commenting on the impact of the First World War on trend fitting, Carmichael economic relationships. However, there was concern that short-run and long-run movements would be confounded by regressing one possibly trended series on another such series, for examples of these concerns (which were to become much more important later, as in Clive Granger and Paul Newbold, 1974) , see Reginald Hooker (1901) and the later seminal contribution of Yule (1926) ; for more development of this theme see John Aldrich, (1995 ), and, especially, Mills, (2011 for an excellent critical overview. Thus, in what soon became fairly standard procedure, the data was first linearly detrended and the resulting residuals (adjusted if necessary for seasonal movements) were termed the cycle, and it was the cycles rather than the 'raw' series that were the subject of correlation analysis, see for example
Warren Persons (1916) .
Against this background of time series decomposition and the predominant practice of linear detrending, Carmichael (1928) observed that a number of time series did not exhibit uniformly smooth growth about which there was cyclical movement. This led him to consider a nonlinear trend that would be suitable in three circumstances: 1, inappropriate projection of a negative linear trend, leading, for example, to "negative or ridiculously small positive values when comparatively large positive values only are possible", (ibid, p. 13); 2, approximately linear growth that is resumed after interruption by an abrupt change in level; 3, as in 2 but with a first interruption, for example a sharp drop, followed by another abrupt change in level, before resumption of the previous growth.
This is a prescient taxonomy of the problems of structural breaks that bedevil the fitting of time series models today, especially in the context of testing for unit roots and cointegration. Carmichael was not only aware that events, such as the First World War, could lead to structural breaks in the underlying economic processes, but that either to remove such data directly or by means of a simple split trend were not the only nor necessarily desirable options. Using a split trend in effect involved a step change from one regime to another, whereas the adjustment could be modelled so as to allow a smooth transition from one regime to another and, moreover, there could be more than one adjustment process in an historical period. These ideas are familiar in contemporary econometrics, especially in the context of threshold autoregressions, with multiple breaks.
Carmichael's suggested form, either to amend or supplement the linear trend, was the arctangent function. Three models were distinguished by Carmichael corresponding to the cases distinguished above:
We would now conventionally add time subscripts to the variables y and x and a random term, t  . Carmichael suggested that the variable y may either be the level or the log of the original data. The variable x is a 'distance' measure relative to an origin, for which x = 0; it is related, but not necessarily equal, to the simple time trend t that increments by 1 (or some other constant) each time period. Carmichael worked in degrees rather than the now more usual radians. Consider an angle z that varies from -90 to 90, its tangent, tan, then varies from - to +. In general, x = ) z tan( , and conversely to obtain the angle from the tangent x, z = 
III. ARCTAN AND LOGISTIC FUNCTIONS
The arctan function is close under some choice of parameters to the logistic function
, favoured at the time in population studies (for example, Raymond Pearl and Lowell Reed (1923) , and for a history of the logistic regression see Jan Cramer (2002) The arctan function may be generalised to embody a function of x,
. Second, the arctan function can be reparameterised with x = ) t t ( b 
thus the origin and the increment become explicit parameters, so that the arctan function, as a function of t, becomes
The derivatives of the arctan function are well known, for example the first derivative w.r.t x is:
The derivative of A [.] with respect to time (rather than the distance measure x) is:
A simple arctan function is illustrated in Figure 1 with its derivative shown in the lower figure; in both cases these are compared with the centred logistic function The logistic function has largely become the default function for transition functions.
Although x = 0 is referred to as the 'origin', that is where 0 t is the origin on the time axis, this is perhaps better described as a switch point (or point of symmetry) where the sign of the first derivative w.r.t x (and t) changes from positive to negative.
IV. ESTIMATION
Carmichael's examples were estimated using graphical inspection for the origin of the switch point and for two or three likely values of x  ; however, the model is linear given b = x  and conditionally on 0 t , so we first define two sets each containing the respective true values: b  B and 0 t  T, and minimise the residual sum of squares
 over B and T: that is
 over the two-dimensional grid formed by the Cartesian product B  T. The resulting estimators are consistent (the procedure is an application of the principle in Dag Tjostheim (1986) and has been used in various structural break papers that consider all possible break points in a particular sample, see for example Donald Andrews, 1993, and Hansen, 2000) . Note that 0 t is not constrained to lie between 1 and T, and in one of Carmichael's examples the origin is taken to pre-date the beginning of the sample, in which case 0 t would be negative.
V. EXAMPLES
We consider two of Carmichael's examples to illustrate the application of the arctan function and how the selection of the choice parameters can be included in the process. In so doing we are able to see how well Carmichael did from a modern Table 1 , rows (1) and (2). The data and the 'original' arctan trend are plotted in Figure 2 . To illustrate the difference with the then standard of the day, a linear (in the logs) trend was also estimated and is shown on Figure 2 . Evidently the implied cycles (residuals) and even fairly short-term projections differ quite markedly depending on the choice of trend.
Searching over b = x  and the origin 0 t , locates the minimum at x  = 0.71 and the switch point at 0 t = 25 th December 1916, which is 12 months earlier than Carmichael's choice, see row (3) of Table 1 . This earlier choice is evident in Figure 2 , which also shows the revised arctan trend, and picks up the increase in the series noticeably earlier than the 'original' arctan trend.
How well did Carmichael do in his original choices? In broad terms, Carmichael was close to the best fitting trend by means of his graphical methods. Figure 3 The second example illustrates Carmichael's case iii), where a first 'abrupt' change is to be the first of these dates, and  and  were then determined such that    x = 0. The parameter  governs the 'strength' of the second adjustment function relative to the first, which Carmichael judged to be equal, and setting  = 1 this implies that  = -4.5.
The double-switch model was estimated using Carmichael's parameters and also by extending the search procedure over  and the second switch point (which implicitly determines  ). The results are reported in Table 2 . Row (1) Carmichael's (1928) opening sentence was prescient of present times: "During the past twelve years many economic series have undergone what appears to be a permanent change in level."
VI. CONCLUDING REMARKS
As a result he recognised that fitting a simple linear trend to economic time series would often be inadequate and, instead, proposed a simple but effective method of modelling changes by means of smooth transition functions. In so doing he made a major, but previously unrecognised, contribution to time series analysis. The idea that economic processes may undergo shocks that result in permanent changes was taken up much later, especially in concerns about the implications for testing for unit roots, for example Perron (1989 Perron ( , 1992 , and whether such single or multiple 'structural breaks' are better modelled by discrete or smooth changes between regimes. (For an application of smooth transition in the context of business cycles, see Terasvirta and Anderson (2006) ). Moreover, Carmichael's skill by careful reasoning in fitting models involving estimating the break date(s) and strength of adjustment of his arctan adjustment mechanism(s), models that were complex at the time, is notable.
